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1. Introduction

The 3z + 1 conjecture involves the iteration of the function T : Z* — Z* by

2 if x is even
Tle) = {gg—ﬂ if 2 is odd.
The conjecture states that for every positive integer x, there exists a positive integer k such
that T%(z) = 1 where T* is the k-fold composition of T" with itself. The function T may be
extended to the 2-adic integers Zs (see section 3) in a natural manner, and for the remainder
of the paper we will consider T' to be a map on Zs,.

Here we will attempt to investigate the behavior of T' by studying the dynamics of functions
which are topologically conjugate to 7. If f: X — X and g : Y — Y where X and Y are
topological spaces then f is conjugate to g if there exists a bijection h : X — Y such that
ho f=goh. The map h is called a conjugacy. If the function h is also a homeomorphism
then we say that f and g are topologically conjugate, and we call h a topological conjugacy.
One property of conjugacy is that it preserves the dynamics of a function. So, if we find a
function, f, which is conjugate to T' by a relatively simple bijection then we will be able to

understand the behavior of T" by describing the behavior of f, and thus hopefully answer

the conjecture. To this end, we find a family, F, of functions on the 2-adics whose elements
1
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are topologically conjugate to 1. This family contains all functions which are conjugate to

T by linear maps —certainly the simplest of homeomorphisms.

2. Summary of Results

In this section we state our main theorems, leaving their proofs for later in the paper. We

begin with the following definition.

Definition. A function f, 4 : Ze — Zo is modular if it is of the form:

artb if x is even

_ 2
fapea(T) {w if z is odd

2
with a,b,c,d € Z,.

We should note that f, ;.4 does not define a function for every a, b, c and d. However, the
definition of modular requires that f,;.q4 be a function.

We now define an infinite family of modular functions.

Definition. Let F be the set of modular functions, f,.q, such that a,c and d are odd

and b is even.

Example 1. Since T'= f1031 we see thatT € F.
Example 2. The shift map, o, is fio1,-1, and thus is a member of F as well.
The importance of this family is illustrated by the following theorems.

Theorem 1. Let f : Zo — Zo be a modular function. Then f is conjugate to T if and only

if f € F. Furthermore, every f € F is topologically conjugate to T

In order to use these maps to study the conjecture we also need to understand the behavior
of the conjugacies between the maps and T'. To be a conjugacy, a function must be bijective,

and one simple type of bijective function is the linear map. We have the following result.
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Theorem 2. FEvery map which is conjugate to T by a linear homeomorphism is a member
of F. In fact, a map is conjugate to T' by a linear homeomorphism if and only if it is of the

form f1q43p—q where p is odd and q is even or f3,_q14 where both p and q are odd.

As we will see, the shift map is not conjugate to T" by a linear conjugacy. Thus not all
elements of F are conjugate to T' by linear maps. Additionally, there are maps which are
conjugate to T that are not members of F. Specifically, we will show that a map which is
conjugate to T' by a piecewise linear function is not necessarily in F.

The parity vector function (see section 3) has played an important part in work done
in the past on the 3z + 1 problem ([3], [1]). In order to prove Theorems 1 and 2 above
we generalize several of the technical results concerning the properties of the parity vector
function to show that they apply to all elements of F in general, and not just to 7. These
generalizations are described in Section 4.

The significance of these results may be seen in the following example. Let F' = f191.

It can easily be shown that F"(z) = 5 and F"™(z) = 2 for some n € Z" if and only if
r = g for some integer a which is not divisible by three. In addition, if @ is the conjugacy
between 7' and F then ®(1) = § or ®(1) = 2 (since 3,2 and 1,2 the only 2-cycles of F
and T respectively). Thus the Collatz conjecture is equivalent to the statement that the ¢

image of any positive integer is of the form g for some integer a not divisible by three.

3. Background and Notation

A 2-adic integer is an infinite sequence s, $1, Sa, ... where s; € {0, 1} for all i > 0. We may
consider Z" to be a subset of Z, by identifying n € Z" with its base-2 expansion written in
reverse order and completed with an infinite string of zeros. For clarity we will often write

an integer in place of its 2-adic representation.
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Addition and multiplication are easily defined on the 2-adics by extending the usual al-
gorithms for adding and multiplying integers in base 2 (see [1] for a nice exposition). With
these operations, Zy becomes a ring containing Z as a subring. Just as in Z, s € Zs is odd
or even based on its equivalence in Zs/2Zs. Since even and odd are well defined on Z, the
map 7' extends nicely.
It is also well known that Z, contains the ring of rational numbers with odd denominators.
Note that 2 has no multiplicative inverse in Zs, and therefore Z, does not contain the
reciprocal of any even integer.

The parity vector function of length k associated with T, @y, is given by the sequence
Qr(a) = zo(a), z1 (), xo (@), ..., Tp_1 (@)
where « € Zy, z;(a) € {0,1} and
7i(a) = T"(a) mod 2

forall0<i:<k—1.

We define the parity vector function associated with T, (), similarly. We refer to this
function as simply Q).

Lagarias shows that Q) is periodic with period 2*, and uses this to prove that Q is a
homeomorphism [3].

Another important function is the shift map, o : Zo — Zso by

o(z) = {% if x is even

‘”T’l if z is odd.

This function simply “removes” the first digit of a 2-adic integer. That is, o(so, 1, S2, ...) =
S1, So, .... Interestingly enough, this function is chaotic. This is important because T has

been proven to be topologically conjugate to o using @ [3], and hence T is chaotic.
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4. Generalization of parity vector functions

Recall F is the set of functions
{faped: Ly — Zsla,b,c,d € Zy where a,c and d are odd, and b is even}

where

aztb  if r is even

— 2
Japea(x) {w if x is odd.

2
We now generalize the notion of a parity vector function for elements of F. Let f : Zy —

Zso. The parity vector function of length k associated with f, ®y, is given by the sequence
Op() = xo(a), z1(a), z2(@), ..., xp_1 (@)
where « € Zy, x;(«) € {0,1} and
zi(a) = f(o) mod 2
forall0<i<k—1.
We may define the parity vector function associated with f, ®,, similarly. We refer to
this function as simply .

We will continue to refer to the parity vector function associated with T" as @), and the

parity vector function of length k£ associated with 7" as Q.

5. Technical Results and Proofs

5.1. All members of F are conjugate to 7. We will begin by showing that the parity
vector functions, @, retain the important properties of (). Specifically, we will show that &y
is periodic with period 2*, and that ® is a homeomorphism. We will then use this to show

that elements of the set F are topologically conjugate to T

Theorem 3. Let f € F and let Oy be the parity vector function of length k associated with

f. Then for any positive integer k, ®;, is periodic with period 2F.
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We use two lemmas in this proof.

Lemma 1. Let f € F then for any non-negative integer k, f*(a+w2*) = f*(a)+w mod 2,

for any a,w € Zs.

Proof. Let f € F then f = fipcq4 for some a,b,c,d € Zy, with a,c,d odd and b even.
Then let a,w € Zy. We will use induction on k.
Base Case: Let k = 0. Then
fla+w)

a+w
(@) + w mod 2.

Inductive Hypothesis: Assume f*(a + w2k71) = fF=1(a) + w mod 2.

We now have two cases depending on the parity of a.

Case 1: o is even.
fHlatw2t) =

fk 1

fk 1 aoz;rb +aw2k 1)

(f (o + w2¥))
P

fr= 1%“0‘;{’) +awmod 2 (by ind. hyp.)
(
)

o¢+w2k +b)

(since « is even)

fA(eet) 4+ wmod 2 (since a is odd)
fk Y(f(a)) +wmod?2 (since « is even)
fF(a) + w mod 2

Case 2: o 1s odd.

fAlatw2t) = 1 (f(a+w2"))

= fk= 1(C(a+‘”2k)+d) (since a is odd)
fk 1(ca+d + cw2k 1)
= fh- 1(Ca 4) + cwmod 2 (by ind. hyp.)
= fk= 1(“‘2 4) + wmod 2 (since c is odd)
= f”c Y(f(a)) +wmod 2 (since v is odd)
= f*(a)+ wmod 2
Thus, f*(a + w2k) = f¥(a) + w mod 2 for all positive integers k. 0O

Now we produce a similar result concerning the elements of a parity vector.

Lemma 2. Let f € F and let x_1 () be the k™ term in the parity vector function associated

with f. Then for every a,w € Zy, xp(a + w2¥) = 24(a) + w mod 2 for all 0 < k < oo.
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Proof. Let f € F. Then let a, w € Zy and let x;,_1 () be the k' term in the parity vector

function associated with f. Then for all 0 < k£ < oo we have the following.
z (o + w2k) f¥(a + w2%) mod 2

ffa)+wmod?2  (by Lemma 1)
z(a) +w mod 2

We are now ready to prove Theorem 3.
Proof of Theorem 3. Let f € F, let ®; be the parity vector function of length £ associated
with f, and let a,w € Z,. Again, we will use induction on k.

Base Case: Let k = 1. Then

O (a+2w) = zo(la+2w)
= xo(w) (by Lemma 2)
= @1(0&).

Inductive Hypothesis: Assume ®;_1(a + w2F71) = &, _;(a). Then we have

Op(a+w2F) = zo(a+w2h), o (a+w2¥),. .. 2p1(a+ w2k)
= Pp_1(a+w2¥), 251 (a0 + w2F)

= Opq(a+w2k), 2,1 () (by Lemma 2)
= &) q(a), zp_1() (by ind. hyp.)
= xo(a),.’ﬂl(a),. . axk’—l(a)
Thus ®,, is periodic with period 2*. 0

Now, to show that ® is a homeomorphism we use a result whose proof is mentioned in [3]
for the case ® = ). For a more detailed exposition see [1]. Their proofs for @) carry over

exactly for any .

Theorem 4. ([3],[1]) If f : Zy — Zs is a function whose parity vector functions of length k,
®y, are periodic with period 28 and for which xy(a +w?2%) = xx(a) +w mod 2 for all k, then

the parity vector function associated with f, ®, is a measure preserving homeomorphism.

So, using this result, Theorem 3 and Lemma 2, we conclude that for any f € F, the parity

vector function associated with f is a homeomorphism. Now recall Theorem 1.
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Theorem 1. Let f : Zy — Zo be a modular function. Then f is conjugate to T if and only

if f € F. Furthermore, every f € F is topologically conjugate to T

Again, we use several lemmas to show this result.

Lemma 3. Let f € F then f is topologically conjugate to the shift map o.

Proof. Let f € F and let ® be the parity vector function associated with f. Theorem 4

tells us that ® is a homeomorphism. Then for any a € Zs; we have

(®of)la) = &(f(a))
= @o(f(@)), 21(f(a)), z2(f (), ...
= zi1(a), ze(a), z3(), . ..
= o(zo(a),z1(a), z2(c),...)
= 0(®(a))

= (co0®)(a).

Thus, f is topologically conjugate to o. 0

Now, since topological conjugacy is an equivalence relation, clearly for f,g € F, f is
topologically conjugate to g. In particular, for any f € F, f is topologically conjugate to
T. We should note that for f, g € F with parity vector functions ® and ¥ respectively, the

conjugacy between f and g is the homeomorphism ¥~! o ®.

Lemma 4. Let a,b,x,y € Zs where a # 0. Ifax +b=ay + b then v = y.

Proof.

ar+b=ay+b = ar=ay
= ar—ay =0
= a(lr—y)=0

It is well known (e.g. [3]) that Z, is an integral domain. Since a # 0 we must have (zr—y) = 0,

and thus z = y. 0O

Lemma 5. Let f: Zy — Zs. If f is conjugate to T and modular then f € F.
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Proof. Let fop.q be a modular function and assume that f, ;.4 is conjugate to 7. Then
fap.c,a must have the same dynamics as o since o is conjugate to 1T'. In particular, every
number in Z, has exactly two distinct preimages under o, so the same must hold for f, 4.

First, we note that if @ = 0 then g has infinitely many preimages, contradicting the
assumption that f is conjugate to o. Similarly, if ¢ = 0 then g has infinitely many preimages,
again contradicting the assumption that f is conjugate to o. Thus a,c # 0.

Now, in order for a point n to have two preimages, we must have f,p.q(z) = n and
faped(y) = nfor some x,y € Zy. Note that since a # 0, %’Lb = %“b = as+b=at+b=s=1
by Lemma 4. Similarly, since ¢ # 0, %l = Ct%i = cs+d=ct+d= s =1by Lemma
4. Therefore, one of the  or ¥y must be even, and the other must be odd. Without loss of
generality assume x is even and y is odd.

Since z is even we note that n = %*b and then b = 2n — ax. We may conclude from this
equation that b is even.

For any n we must find an x such that ax = 2n —b. If welet n =1+ g then we have
ar = 2(1—1—%) —b = 2. Then ax = 2, and since z is even this implies that a is odd. Therefore,
if fop.ca is conjugate to 1" then a is odd.

Now, since y is odd we note that n = %l

then cy = 2n — d. We conclude from this
equation that ¢ = d mod 2.

Assume ¢ and d are even, and let n = ¢ + %. Then cy = 2(c + %l) —d = 2c. Now, since
¢ # 0, and since Z, is an integral domain (see [3]) we conclude that y = 2. However, this
contradicts our assumption that y is odd. Therefore, if f, 4.4 is conjugate to 7" then ¢ and
d are odd.

Thus, if fopcq is conjugate to T" then fop.q € F. 0

Proof of Theorem 1. Let f :Zy — Zo be a modular function. If f is conjugate to 1" then

by Lemma 5, f € F.
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Now, as noted, if f € F then by Lemma 3, f is topologically conjugate to 1. However,
whenever two functions are topologically conjugate they are also conjugate. Thus f is

conjugate to T 0

5.2. Some Simple Conjugacies. Now that we have established that our family F contains
all the modular functions which are topologically conjugate to T" we proceed to show that

some of these functions are conjugate by simple, namely linear, homeomorphisms.

5.2.1. Linear Conjugacies. We will begin with linear conjugacies. It is easy to check that
linear bijections with 2-adic coefficients are continuous with linear inverses, and thus home-
omorphisms. Therefore, all linear conjugacies are also topological conjugacies.

First we note that for a linear function G(z) = pr + ¢ with 2-adic coefficients to be a
bijection it is necessary and sufficient to have p is odd. This result follows simply by letting
p=rand ¢ = s in Theorem 5 (see section 5.2.2).

Recall Theorem 2.

Theorem 2. Every map which is conjugate to T' by a linear homeomorphism is a member
of F. In fact, a map s conjugate to T by a linear homeomorphism if and only if it s of the

form f1 43,—q where p is odd and q is even or fs,_,1, where both p and q are odd.

Proof. Let f : Zy — Zy with G(x) = px + ¢q a linear conjugacy between T and f where
p,q € Zy. Then, f(z) = (GoT oG ')(x) and G is a homeomorphism. Since G is a
homeomorphism, it is a bijection, and then as noted above, we must have p odd.

We will compute (G oT o G™)(z).




CONJUGACY AND THE 3z + 1 CONJECTURE 11

2p
3x—3q+p
2p

2—q oo
(ToGY)z) = { if x — ¢ is even

if  — ¢ is odd

T+q

(G oTo Gil)(l‘) = {35—&—1)—(]

2

if x — q is even

if x —q is odd

Now we note that when ¢ is even we have x—q is even if and only if z is even and x—q is odd
if and only if z is odd. If ¢ is odd just the opposite is true. Now f is given by the following
cases.

Case 1: q is even.

ztq if z is even
_ ToG! _ 2 1
f@) = (GoToG ) { 2 odd
= 14394 (z)
Case 2: q is odd.
324P=4  if 1 is even
= (GoToG! = 2
fle) = (GoToGT)(a) {%ﬂ if 2 is odd
= f3,pfq,1,q($)

Thus, any function topologically conjugate to 1" by a linear map is of the form fi ;3,4
where p is odd and ¢ is even, or of the form f3, .1, where p is odd and ¢ is odd. 0

Even though all functions conjugate to T' by a linear conjugacy belong to F, not all
functions in F are conjugate to 1" by a linear conjugacy. For instance o = fi 1,1 is not of
either form stated in Theorem 2. Therefore, the conjugacy between 7" and o, (), must be a
nonlinear function (this can also be proven quite easily by simply computing the images of
3 values under ) and noting that they are not collinear).

This result is actually somewhat unfortunate since o has very easy to understand behavior,
and if we could compute the image of Z™ under Q we would certainly be able to say much

about T'. Unfortunately the behavior of () is very complex and anything but linear.
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5.2.2. Piecewise Linear Conjugacies. Finally, we look at piecewise linear conjugacies. First
we describe what conditions are necessary and sufficient for a piecewise linear function to

be bijective.

Theorem 5. Let p,q,r,s € Zs, and let G : Loy — Zs by

pr+q if v is even
G(z) = o
rr+s if x is odd.

Then G is a bijection if and only if p and r are odd and ¢ = s mod 2
We need a lemma before proving this theorem.

Lemma 6. Let G : Zy — Zo as above. If G is onto then

G([0]) = [0] and G({1]) =[] or
G([0]) = 1] and G([1]) = [0].

That is, either G maps evens to evens and odds to odds, or else G maps evens to odds

and odds to evens.

Proof. Let G be onto, and = € Zs.

If x is even, then pr = 0 mod 2. So G(x) = pxr+¢q = ¢ mod 2 and thus G([0]) C [g]. Since
q is either even or odd, we have G([0]) C [0], or G([0]) C [1].

If  is odd, then rz = r mod 2, so G(z) = rz+ s = r+ s mod 2 and thus G([1]) C [r+ s].
Since r + s is either even or odd, we have G([1]) C [1], or G([1]) C [0].

If G([0]) C [0] then G([1]) C [1] since G is onto and in fact, G([0]) = [0] and G([1]) = [1].
Similarly if G([0]) € [1] then G([1]) C [0] since G is onto and in fact, G([0]) = [1] and
G((1)) = (0] 5

Now we are ready to prove Theorem 5.

Proof of Theorem 5. Let G : Zo — 75 as stated in Theorem 5.

(=) We will begin by showing that if G is a bijection then p and r are odd and ¢ = s mod 2.
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Note that if p = 0 then G(0) = G(2) which contradicts the assumption that G is bijective.
Similarly, if » = 0 then G(1) = G(3) contradicting the assumption that G is bijective. Thus
p,r # 0.

First, assume p is not odd, then we have two cases.

Case 1: p is even and q is even.

G(0) = ¢ is even and so G([0]) = [0] by Lemma 6. Since p+ ¢ is even there exists an even
x such that G(x) = p+¢q. Then pxr + ¢ = p+ ¢ and since p # 0 Lemma 4 implies that x = 1
which is odd, contradicting our assumption about x.

Case 2: p is even and ¢ is odd.

G(0) = ¢ is odd and so G([0]) = [1] by Lemma 6. Since p + ¢ is odd there exists an even
x such that G(x) = p+¢. Then pz 4+ g = p+ ¢ and since p # 0 Lemma 4 implies that z = 1
which is odd, contradicting our assumption about .

Therefore whenever G is a bijection p is odd.

Now, assume r is not odd, then we have two more cases.

Case 3: r is even and s is even.

G(1) = r + s is even and so G([1]) = [0] by Lemma 6. Then since 2r + s is even there
exists an odd z such that G(z) = 2r + s. Thus rz + s = 2r + s and since r # 0 Lemma 4
implies that z = 2 which is even, contradicting our assumption about z.

Case 4: r is even and s is odd.

G(1) = r+sis odd and so G([1]) = [1] by Lemma 6. Then since 2r + s is odd there exists
an odd z such that G(x) = 2r +s. Thus rz + s = 2r + s and since 7 # 0 Lemma 4 implies
that x = 2 which is even, contradicting our assumption about x.

Therefore whenever G is a bijection r is odd.

Now we will show that if G is a bijection then ¢ = s mod 2
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Case 1: Let q be even. Then G(0) = ¢ is even which implies that G([0]) = [0], and

G([1]) = [1] by Lemma 6. Then G(1) = r + s is odd and since r is odd s must be even. So
q = s mod 2.

Case 2: Now let ¢ be odd. Then G(0) = ¢ is odd which implies that G([0]) = [1], and

G([1]) = [0] by Lemma 6. Then G(1) = r + s is even and since 7 is odd s must be odd. So
q = s mod 2.

Therefore when G is a bijection, ¢ = s mod 2

(<) Now we will show that if p and r are odd and ¢ = s mod 2 then G is a bijection.

Assume p and r are odd and ¢ = s mod 2. Note that since p and r are odd p,r # 0.

First we will show that G is injective. Let x,y € Zs and let G(z) = G(y). Now we have
several cases to consider.

Case 1: When x is even and y is even we have px + ¢ = py 4+ q. Thus z = y by Lemma 4.

Case 2: When z is even, and y is odd we have
pr+qg=ry—+s=pr=rymod2=x=ymod?2
which is a contradiction. Therefore, we cannot have an even x and an odd y.
Case 3: When z is odd and y is even we have
re+s=py+q=rr=pymod?2=xr=ymod2

which is a contradiction. Therefore, we cannot have an odd x and an even y.
Case 4: When z is odd and y is odd we have rz 4+ s = ry + s. Thus x = y by Lemma 4.
Therefore, G(x) = G(y) implies © =y, so G is injective.
Now we show that G is a surjection.

Let y € Zs. If y is odd and ¢ and s are odd then, % is even, and G(%) =y.

r

If y is odd and ¢ and s are even then, -2 is odd, and G(2) =y

=2 is odd, and G(=2) = y.

s T

If y is even and ¢ and s are odd then,
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If 3 is even and ¢ and s are even then, % is even, and G(yqu) =y
Therefore, for any y € Z, there exists an = such that G(x) = y, and so G is a surjection.
Thus G is a bijection. O
Now we will derive the general form of a map which is conjugate to T' by a piecewise linear

map in order to see if any of these are not members of F.

Let p,q,r, s € Zs where p and r are odd, ¢ = s mod 2 and G : Zy — Zy by

rr+s if zis odd.

Gla) = {p:c +q if x is even

Then by Theorem 5 G is a bijection. Let f = (GoT o G™!). We wish to compute f(z).
First we compute G~*(z)
Case 1: g and s are even.

if z is even

if x is odd

<

Q

L

=

I
—N
8 |8
|"®|\
GO

Case 2: g and s are odd.

9 if x is odd

{zs if z is even

Now we compute (G o T o G71)(z).
Case 1: g and s are even.

2p

3””_2—?;5” if  is odd

(T ° Gil)(x) _ { 1I T 1S even

Case 2: q and s are odd.

2r

% if x is odd
P

(T o GY)(x) = {M if x is even
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At this point the function becomes rather complicated, so we will employ a slight abuse

of notation to express it more compactly.

( e g
e if z is even; ¢, s are even; 57 is even
mgﬂ if x is even; ¢, s are even; =54 is odd

D 2
””Tﬂ if z is odd; ¢, s are odd; %57 is even
(GoToG)a) % if z is odd; ¢, s are odd; 57 is odd
o O ) =

w if x is odd; q, s are even; W is even
Sx_TS*T if x is odd; q, s are even; w is odd
w if x is even; ¢, s are odd; w is even

\ ooty if = is even; ¢, s are odd; =2 s odd

In particular, if we let » = 1 mod 4 and ¢, s = 0 mod 4 then the function may be simplified

to
ITJrq if £ =0 mod 4
3pr—3pstpr4+2qr  if . =1 mod 4
_ 2r -
f(z) %tgﬂps if x =2mod 4
3z—str if £ = 3 mod 4.

2

Now we will show that this function is not, in general, a member of F. Let ¢ = 0,s = 4,

and p =7 = 1. Then for all even x

_ 5 if x =0mod4
f(@) {””—JFS if £ =2 mod 4.

2

If f € Fthen f = f,pcafor somea,b, c,d € Zy where a, c and d are odd and b is even. Now,
if z = 0 we have f(0) =050 fupa(0) =2 =0s0b=0. If z =4 then we have f(4) =2 so
fa,b,c,d(4) = 47(1 =2s0a=1. Now f(z) = % =5 but fa,b,c,d(2> = % = 1. So f(2> 7é fa,b,c,d(z)
therefore f is not a member of F. Thus not all functions which are topologically conjugate

to T' by a piecewise linear map are members of F.
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